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Abstract 

An "anomalous" supersymmetry transformation of the gaugino axial current 
is given in supersymmetric Yang- Mills theory. The contact term is computed to 
one- loop order by a gauge-invariant point-splitting procedure. We reexamine 
the supercurrent anomaly in this method. 
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Much discussion has been given for anomalies in supersymmetric field theories in 
various contexts |l|, ||, [3|, |], |], §] . Less attention has been paid, however, to quantum 
mechanical supersymmetry transformation laws which composite operators obey [|J. 
Short distance singularities demand that these transformations have an "anomalous" 
part- more accurately- the part which does not have a classical counterpart and yet 
which is necessary to preserve a proper quantum-mechanical transformation law. 

In ref. J3J, Konishi has given an example in supersymmetric QCD. In this note, 
we provide another example by examining the supersymmetry transformation of the 
gaugino axial current in supersymmetric Yang-Mills theory. We will see that our 
computation yields the following charge algebra (see later for the definitions): 

[Qs>Qa] =Qo- [ dxA 0>a (x;e) . (1) 

We follow the notation of @ . We denote operators in Heisenberg picture by bold 
faces whereas operators in the interaction picture are denoted by ordinary faces. We 
will carry out computation by a gauge-invariant point-splitting procedure. 

In order to find a connection of our result with the existing literature on the 
supercurrent/superconformal anomaly [[l], [2|, f|, we have reevaluated the supercurrent 
anomaly by the same method. 

Let us begin with defining a regularized chiral U(l) current of gauginos A, A by a 
gauge-invariant point splitting: 

/ rx+e/2 

3e(x | e) = (a e ) a cj aa (x | e), U(x | e) = Pexp l-ig / dx' m v m (x') 

\ Jx-e/2 

Voj aa (x I e)r] a = -trfjX(x + e/2)U(x I e)X(x - e/2)r)UUx I e) , trT a T b = k5 ab (2.) 
k 

The gauge fields v m in the path-ordered exponentials are taken to be inert, namely, 
considered to appear only in external lines. We should mention that the current 
defined this way has an anomalous divergence which supposedly obeys the Adler- 
Bardeen theorem. This current is, therefore, quantum-mechanically distinct from the 
current commonly known as R- current, which is defined typically by a (supersymmetric- 
) dimensional regularization, and whose anomalous divergence forms a supermultiplet 
with the superconformal anomaly and the trace anomaly ||. 

A well-known supersymmetry algebra of elementary fields reads 



[iQ^(x)] = -iia l X\x) , 



[lQ,v a t {x)]=ila t X a {x) 
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£g,A a (^] = ^g, x a (x)fj] = , 

from which one finds the classical transformation law for the axial current: 

8& = [tQ,2t] = -e*Sat , with es^ = -e^AXm (4) 

We will find its quantum-mechanical counterpart shortly. 

Let us introduce a regularized supercurrent and its conjugate by 

£S e (x\e) = -^Ha nm a e X(x + e/2)U(x\e)v nm (x-e/2)tf(x\e) , 

£S t (x\e) = ^tr£a nm a e X(x + e/2)U(x | e)v nm (x - e/2)U\x | e) , (5) 
We find a supersymmetry algebra for the Heisenberg operators: 

8(jt(? I e) = [^g, j/(jc I e)] = -£S e (x | e) + £A e (x \ e) , 

%jl(z|e) = [£QJ*(x|e)]=^(z|e)-£A*(x|e) , (6) 

where 

£A^(x I e) = -tr(a e X(x + e/2)) a S e U{x; e)X(x - e/2) a U^(x; e) 
+ -tr(a e X(x + e/2)) a U(x; e)A(x - e/2) a S e UUx; e) 

i-x+e/2 1 

= ~ig dy m -tr(a e X(x + e2)) a [5 $ v m (y),X(x-e2) a ) 

Jx-e/2 K 

+ higher order expansion in U . (7) 

We call A.i(x | e) a contact term as it is cubic in fermions and has a purely quantum- 
mechanical origin. Defining 

Q5 = J d 3 x] (x I e) , Q a = y rf 3 xS 0Q (x | e) = g o , (8) 

we find the charge algebra stated in eq. ([!]). 

Let us now evaluate this term A^(x | e) to lowest order in perturbation theory. 
We will use the position space propagators for gauge bosons and gauginos: 

< TZ\(x)&{y) > = -Za-dZAix-y) , 

< Tvi(x)v k (y) > = -i[r]£kJi(x - y) + (1 - a)df'dpj 2 (x - y)\ , 
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The gauge parameter has been denoted by a. The following formulas are expedient 
to our calculation. ( Use, for instance, the symmetric integration method): 





e-»o ate' o2tt a 

^ikikl^ = ^Ic'^w-v^vsn . no) 

In order to carry out, in the interaction picture, a normal-ordered (perturbative) 
expansion of the right hand side of eq. (|7]) in the limit eg —>■ 0, we need the following 
formula concerning the gaugino two-point function: 

hm /f}\ a (y)\ h (x) V = -^f^d m v c n (x m imn (a',b') V + 0(g 3 ) , (11) 

where a' + b' = 1 and xo = x + b'e = y — a'e. Only the choice a' = b' = 1/2 , i.e. the 
mid-point prescription, leads to a gauge-covariant answer. We will adopt this choice 
in what follows. 



We find 



• 2 

hm£A £ (x|e) = ^C 2 (adj)^\ c (x)d m v c n tra e K^ n + 0(g 4 ) 



2 



167T 

where 



■C 2 {adj)^\ c {x)v c l] {x) + ^g A ) , (12) 



x>% = -e ijmn v mnc . (13) 

Our result eq. (|T2| ) is easily seen to be proportional to the supersymmetry trans- 
formation of the Chern-Simons density, which are (in our normalization) 

Q 2 1 / 2 
K\x) = ^e emnr -tri [ v m (x)d n v r (x) + -tgv m v n v r 

6^K e (x) = ^-^X a (x)v^(x) . (14) 

The coefficient in eq. fll~2]) differs, however, from what one would naively infer from 
the axial anomaly: 

lund^x \e) = ]-C 2 (adj)d e K e (x) . (15) 

e— >0 I 
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( The extra factor 1/2 is accounted for by Majorana fermions.) This is as it should 
be : taking derivatives increases degrees of ultraviolet divergences in momentum 
integrands and does not commute with the limit e — > 0. 

In order to understand our result and its connection to the existing literature 
better, we will calculate the divergence of the supercurrent limd e C, • SAx | e) by the 

e— >0 

present method. ( £a ■ S(x \ e) = in the present regularization.) After using 
equations of motion and Bianchi identity, 2 we find 



■ S £ (x | e) = ^tr£a mn a £ \(x + e/2) 

TV 



/ rx+e/2 i . \ 

deij dx j v 3 (x')j , v m „(x - e/2) 



+ higher order expansion in U . (16) 

Going to the interaction picture, we find, up to order g 2 , 

limd^ ■ S e (x I e) = -g 2 C 2 (adj) \ime j dgv?(x - e/2) x 

d A z(a k X a {z)) a < T£a mn a e X{x + e/2)A Q (^) >< Tv mn {x - e/2)v k (z) > . (17) 

Converting the expression into momentum space, we find 

n 2 

limd^ ■ S e (x | e) = ^-^C 2 (adj)£(d e a ■ v a (x))a ■ da e X a (x) 



e-*o * -vi/ 327r 

,2 



C 2 (adj)[(d ■ v a (x))(fr ■ d\ a (x)) 



327T 2 

- (% Wm} (x))(^ m A a (x))-^(^ m A a (x))^ , (18) 

where we used eqs. (|9l), (|T0l) and the midpoint prescription. The right hand side of 
eq. (|T8| ) can be written as a total derivative d 1 (^^C 2 (adj)^a ■ v a (x)a ■ da e X a (x)^j 
once the on-shell condition for gauginos a ■ d\ a (x) = is imposed. 

Separately, we find 

lim (td e A E (x | e)) = ^C 2 (adj) (^d e X a (x)) v« e (x) . (19) 

Therefore, 

Km&SMx | e) = lime/ (-£ • S/(a; | e) + £A e (x | e)) 



2 As we have used the equation of motion for the gauge fields without a gauge fixing term, eq. ( |l6| ) 
should be viewed as a statement with respect to the physical states. 
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Q 2 

' ; C 2 {adj) Cl [-{d ■ v a (x))(£a ■ dX a (x)) 



32tt 2 

+ (d {e v a m} (xMa e d m X a (x)) ~^l n ^a m d"\ a {x))] (20) 
^ 5 5 lim9 £ j £ (x | e) . 

We see that the supersymmetry transformation does not commute with the limiting 
procedure. The first term in eq. (^) vanishes on-shell whereas the second term can 
be written as a total derivative on-shell and therefore can formally be absorbed into 
a redefinition of £ • Si(x | e). The supercurrent anomaly on-shell can therefore be 
written as 

^C 2 {ad 3 )d"{vU° m nx)) • (21) 
This agrees with eq. (4.11) of the first reference of U conjectured to be equivalent to 

^C 2 (adj)d\vUa m X a (x)) . (22) 

It is interesting to see that the contact term is essential in saturating the requisite 
coefficient of the anomaly^. 

To summarize, a current defined by 

£S t (x\e) = 5&(x\e)-^C 2 (adj)[& e v a (x)-dX a (x)+&-v a (x)d e X a (x)] 

+ ^C 2 (adj)v^a m X a (x) . (23) 



is conserved and saturates the superconformal anomaly: 

3o 2 

& ■ S(x | e) = -^C 2 {adj)vUa im X a {x) . (24) 

We have not fully investigated implications of eq. (H). One obvious thing is, 
however, that the supercharge Q a does not carry a definite chiral charge. For the 
vacuum with unbroken supersymmetry, 

^Q 5 | >= - J dx£A(x) | > (25) 



3 Eq. ( p2| ) was derived from the calculation of the on-shell matrix elements of the supercurrent 
divergence by the Adler- Rosenberg method and the supersymmetric dimensional regularization |^] . 
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holds. This illustrates a point difficult to incorporate in the Born-Oppenheimer ap- 
proximation ||. (See also || 10 1.) A mere truncation to the zero momentum modes 
does not respect this equation. Additional insertions into the ground state wave 
function are required in order to implement eq. (|25|). 

We thank Marc Grisaru for a useful discussion. 
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